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GRADED IDENTITIES OF SIMPLE REAL GRADED DIVISION
ALGEBRAS
YURI BAHTURIN AND DIOGO DINIZ
Abstract. Let A and B be finite dimensional simple real algebras with di-
vision gradings by an abelian group G. In this paper we give necessary and
sufficient conditions for the coincidence of the graded identities of A and B. We
also prove that every finite dimensional simple real algebra with a G-grading
satisfies the same graded identities as a matrix algebra over an algebra D with
a division grading that is either a regular grading or a non-regular Pauli grad-
ing. Moreover we determine when the graded identities of two such algebras
coincide. For graded simple algebras over an algebraically closed field it is
known that two algebras satisfy the same graded identities if and only if they
are isomorphic as graded algebras.
1. Introduction
Two finite dimensional simple algebras over an algebraically closed field are iso-
morphic if and only if they satisfy the same polynomial identities. This is a direct
consequence of Amitsur-Levitzki theorem. Analogous results have been proved for
Lie algebras by A. Kushkulei and Yu. Razmyslov [9], for Jordan algebras by V.
Drensky and M. Racine [7] and by E. Neher [10] and for more general non-associative
algebras by I. Shestakov and M. Zaicev [14]. The analogous result for graded alge-
bras was proved by P. Koshlukov and M. Zaicev [11] in the case of algebras graded
by abelian groups and by E. Aljadeff and D. Haile [2] for arbitrary groups.
If the field is not algebraically closed, there exits non-isomorphic algebras that
satisfy the same identities. For example, the real quaternion algebra and the algebra
of 2 × 2 matrices satisfy the same polynomial identities. The goal of this paper is
to precisely determine, when two G-graded simple finite-dimensional algebras over
the field of real numbers, satisfy the same G-graded identities, provided that G is
a finite abelian group.
For algebras over an algebraically closed field, the division gradings are regular
(see Definition 1) and can be described in terms of a non-singular skew-symmetric
bicharacter on the grading group (see [8, Theorem 2.38]). As it turns out, the
graded polynomial identities for regular gradings are also determined by the cor-
responding bicharacter. Over the field of real numbers the situation is different.
The division gradings for finite dimensional simple algebras over R have been clas-
sified in [4] and [13]. In this classification, distinct regular gradings arise that have
the same associated bicharacter and thus non-isomorphic algebras may have the
same graded identities. Each division grading is obtained either by restriction of
scalars in a complex algebra or as a tensor product of a non-regular and a regular
component. In our main result, Theorem 2, we prove, roughly speaking, that the
polynomial identities in each case are determined by the bicharacter of the regu-
lar component. In the last section we obtain similar results for finite dimensional
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simple real algebras. We prove in Theorem 3 that every finite dimensional graded
simple real algebra with a G-grading satisfies the same graded identities as a matrix
algebra over an algebra D with a division grading that is either a regular grading
or a Pauli grading. Then, in Theorem 4 we give necessary and sufficient conditions
under which the graded identities of two such algebras coincide.
2. Preliminaries
We consider vector spaces, algebras, tensor products, etc. over the field R of
the real numbers. Let G be a group with identity element e and A an algebra. A
vector space decomposition A = ⊕g∈GAg is said to be a G-grading if AgAh ⊆ Agh
for every g, h ∈ G. The support of the grading, denoted by supp A, is the set
supp A = {g ∈ G|Ag 6= 0}. If A = Ae we say that the grading is trivial.
We say that two G-graded algebras A and B are isomorphic if there exists an
isomorphism of algebras ϕ : A → B such that ϕ(Ag) = Bg. If A is a G-graded
algebra and B is a K-graded algebra we say that A and B are weakly isomorphic
if there exists an isomorphism of groups θ : G→ K and an isomorphism of algebras
ϕ : A→ B such that ϕ(Ag) = Bθ(g).
An element a ∈ A is said to be homogeneous in the G-grading if there exists
g ∈ G such that a ∈ Ag. If A has a unit and every non-zero homogeneous element
is invertible we say that A is a graded division algebra.
Example 1. Let G = (a)2 × (b)2 ∼= Z2 × Z2. Let R = H be the quaternion algebra
with basis {1, i, j, k} as a vector space and multiplication given by i2 = j2 = −1,
ij = −ji = k. The decomposition
Re = 〈1〉, Ra = 〈i〉, Rb = 〈j〉, Rc = 〈k〉,
where c = ab, is a G-grading on H that makes it a graded division algebra. We
denote this graded division algebra by H(4).
A division grading on M2(R) may be obtained by means of Sylvester matrices
below:
A =
(
1 0
0 −1
)
, B =
(
0 1
1 0
)
, C =
(
0 1
−1 0
)
.
Example 2. Let G = (a)2 × (b)2 ∼= Z2 × Z2. Let S =M2(R). The decomposition
Se = 〈I〉, Ra = 〈A〉, Rb = 〈B〉, Rc = 〈C〉,
where c = ab and I is the identity matrix, is a G-grading on M2(R) that makes it
a graded division algebra. We denote this graded division algebra by M
(4)
2 .
The gradings in the previous two examples are regular in the sense that two
homogeneous elements commute up to a non-zero real scalar. This generalized
commutativity may be encoded in a function β : G × G → R×, which is a skew-
symmetric bicharacter, that is β(g, h)β(h, g) = 1, for all g, h ∈ G and also
β(gh, k) = β(g, k)β(h, k), for all g, h, k ∈ G. Next we recall the definition of a
regular grading (see [12], [1]):
Definition 1. Let A be an associative algebra graded by a finite abelian group G.
We say that the G-grading on A is regular if there is a skew-symmetric bicharacter
βA : G×G→ R
× such that:
(i) For every integer n ≥ 1 and every n-tuple (g1, g2, . . . , gn) ∈ G
n, there are
elements ai ∈ Agi , i = 1, . . . , n, such that a1 · · · an 6= 0.
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(ii) For every g, h ∈ G and for every a ∈ Ag, b ∈ Ah we have the equality
ab = βA(g, h)ba.
Note that if A has a regular G-grading then supp A = G by condition (i). For
a division grading we may consider A graded by the subgroup K = supp A. If the
K-grading is regular then we say that A has a regular grading by supp A.
Over an algebraically closed field of characteristic zero every division G-grading
on a finite dimensional simple algebra A is regular (see [5]). Thus if A =Mn(C) is
an algebra over C with a division grading, it is regular as a complex algebra with
an associated complex bicharacter β : G×G→ C×. By restricting the scalars to R
we obtain a real algebra with a division G-grading called Pauli gradings (see [4]).
Note that A is regular as a real algebra if and only if β(G × G) ⊂ R×. It follows
from the classification of such gradings in [5] that this is true if and only if G is
isomorphic to Z2k2 , for some k. Otherwise we have a non-regular grading on A that
we will refer to as a non-regular Pauli grading.
Now we give the definition of a graded polynomial identity. Let f(xg11, . . . , xgnn)
be a polynomial in the free associative algebraR〈xgi|g ∈ G, i ∈ N〉 andA aG-graded
algebra. A n-tuple (a1, . . . , an) of elements of A is called a G-admissible substi-
tution for the polynomial f if ai ∈ Agi , i = i, . . . , n. Moreover if f(a1, . . . , an) = 0
for every G-admissible substitution we say that f is graded polynomial identity
for the graded algebra A. We denote by IdG(A) the set of graded polynomial iden-
tities for A. If the group is trivial, G = {e}, we omit G in the notation and write
Id(A) instead of IdG(A). Distinct letters, x, y, z, etc, may be used to denote dis-
tinct variables in a polynomial and in this case the second index i will be omitted.
If a polynomial f(xg11, . . . , xgnn) is linear combination of monomials in which each
of the variables xg11, . . . , xgnn appears exactly once we say that it is a multilinear
polynomial.
Remark 1. It is well known that the set of graded polynomial identities of an
algebra over a field of characteristic zero is determined by its multilinear elements.
Hence to verify that IdG(A) = IdG(B) for G-graded algebras A and B it is sufficient
to verify that A and B have the same multilinear identities.
It is clear that conditions (i) and (ii) of the Definition 1 for the G-graded algebra
A may be written in terms of polynomial identities (see [1, Lemma 28]):
(i)′ IdG(A) contains no monomials with distinct indeterminates.
(ii)′ The polynomials xgyh − β(g, h)yhxg are graded identities for A.
Hence we obtain the following:
Lemma 1. Let A be an algebra with a regular G-grading and corresponding bichar-
acter βA and let B be a G-graded algebra. Then IdG(A) = IdG(B) if and only if
the above grading on B is regular, with bicharacter βB = βA.
Thus in the case of regular division gradings, the polynomial identities are
determined by the associated bicharacters. The algebras H(4) and M
(4)
2 have a
regular grading with the same bicharacter and by the previous lemma we have
IdG(H
(4)) = IdG(M
(4)
2 ). However these algebras are not (graded) isomorphic.
Next we give examples of graded division algebras whose gradings are not regular.
Example 3. Let G = (a)2 ∼= Z2. The algebras R = M2(R) and S = H have the
following division G-gradings:
Re = 〈I, C〉, Ra = 〈A,B〉
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and
Se = 〈1, i〉, Sa = 〈j, k〉.
These gradings will be denoted by M
(2)
2 and H
(2), respectively.
Example 4. Let G = (a)4 ∼= Z4. A division G-grading on R = M2(C) is given by
Re = 〈I, C〉, Ra = 〈ωA, ωB〉, Ra2 = 〈iI, iC〉, Ra3 = 〈iωA, iωB〉,
where ω = 1√
2
(1 + i) is the 8-th root of 1 such that ω2 = i. This grading will be
denoted by M2(C,Z4).
Let K,L be two subgroups such that G is the inner direct product KL. If R is
a K-graded algebra and S is an L-graded algebra, the tensor product R⊗ S of the
algebras R and S has a G-grading, called the tensor product grading, which is
given by (R⊗S)g = Rk ⊗Sl, where g = kl. In what follows supp R (resp. supp S)
will denote the support of the K-grading on R (resp. the L-grading on S).
The tensor product of graded division algebras may not be a graded division
algebra, for example, C ⊗ C is not a division algebra. Next we give two more
examples of division gradings that appear in [4].
Example 5. The tensor products M
(4)
2 ⊗C
(2) and H(4) ⊗H are division gradings.
Thus one obtains a Z32-divion grading on M2(C) denoted as M
(8)
2 and a Z
2
2-division
grading on M4(R), via the non-graded isomorphisms H ⊗ H ∼= M2(R) ⊗M2(R) ∼=
M4(R), denoted as M
(4)
4
Our study of the graded identities of graded division algebras relies on the clas-
sification given in [4], their main result is the following:
Theorem 1. [4, Theorem 3.1] Any division grading on a real simple algebraMn(D),
D a real division algebra, is weakly isomorphic to one of the following types
D = R: (i) (M
(4)
2 )
⊗k;
(ii) M
(2)
2 ⊗ (M
(4)
2 )
⊗(k−1), a coarsening of (i);
(iii) M
(4)
4 ⊗ (M
(4)
2 )
⊗(k−2), a coarsening of (i)
D = H: (iv) H(4) ⊗ (M
(4)
2 )
⊗k;
(v) H(2) ⊗ (M
(4)
2 )
⊗k, a coarsening of (iv);
(vi) H⊗ (M
(4)
2 )
⊗k, a coarsening of (v);
D = C: (vii) C(2) ⊗ (M
(4)
2 )
⊗k;
(viii) C(2) ⊗M
(2)
2 ⊗ (M
(4)
2 )
⊗(k−1), a coarsening of (vii);
(ix) (M
(4)
2 )
⊗k ⊗ C(2) ⊗H, a coarsening of (vii);
(x) M
(8)
2 ⊗ (M
(4)
2 )
⊗(k−1);
(xi) M2(C,Z4)⊗ (M
(4)
2 )
⊗(k−1), a coarsening of (x);
(xii) M
(8)
2 ⊗ (M
(4)
2 )
⊗(k−1) ⊗H, a coarsening of (x);
(xiii) Pauli grading.
None of the gradings of different types or of the same type but with different values
of k is weakly isomorphic to the other.
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Next we list four types of gradings.
(I) A has a regular grading by supp A with bicharacter βA;
(II) There exists a decomposition G = KALA of G as a direct product of the
subgroups KA and LA such that A is isomorphic to SA ⊗ RA with a ten-
sor product grading. The algebra RA has a regular grading such that
dim(RA)e = 1 with support an elementary abelian 2 group KA and with
bicharacter βRA . The algebra SA has grading with support LA that is
weakly isomorphic to H(2), M
(2)
2 or M2(C,Z4);
(III) A is isomorphic to the algebra H⊗RA with a tensor product grading where
RA has a regular G-grading such that dim(RA)e = 1 with bicharacter βRA
and H is trivially graded.
(IV) A has a non-regular Pauli grading with complex bicharacter βA.
It is clear that if two algebras have a regular grading their tensor product also
has a regular grading. The algebras in the previous theorem have the following
types:
Type I (i), (iv), (vii), (x) and regular Pauli gradings
Type II (ii), (v), (viii) and (xi)
Type III (iii), (vi), (ix) and (xii)
Type IV Non-regular Pauli gradings
Note that if the graded algebra A is weakly isomorphic to the graded algebra
B then they have a grading of the same type I − IV . Hence it follows from the
previous theorem that if A is a finite dimensional simple real algebra with a division
grading exactly one of the assertions I − IV holds. This justifies the following:
Definition 2. We shall say that A has a grading of Type I−IV according to which
assertion I − IV above holds. For algebras of Type I and Type IV we let RA = A,
βRA = βA.
Now we are ready to state our main result:
Theorem 2. Let A and B be two finite-dimensional simple G-graded division al-
gebras. We have IdG(A) = IdG(B) if and only if A and B have a grading of the
same Type (I)− (IV ) above, supp A = supp B, supp RA = supp RB and βA = βB
or βA = βB .
Remark 2. Two graded algebras may satisfy the same graded identities and not
be weakly isomorphic. The algebras M2(C) with a Z2 × Z2-Pauli grading and the
Z2 × Z2-graded algebra M
(4)
2 have regular gradings with the same bicharacter and
thus satisfy the same graded identities. Note that these two algebras are not weakly
isomorphic.
Theorem 2 will be proved in Section 3. We continue this section with some
results that will be used in the proof.
Let θ : G→ K be a homomorphism of groups and A a G-graded algebra. Denote
by Γ the G-grading A = ⊕g∈GAg on A. The corresponding graded identities will
also be denoted by IdG(Γ). We may obtain an K-grading on A, called quotient
grading induced by θ and denoted by θΓ, as θΓ : A = ⊕k∈KAk, where the
homogeneous components are Ak = ⊕g∈θ−1(k)Ag. The following result gives a
useful criteria for the coincidence of the identities.
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Proposition 1. Let A and B be two algebras with G-gradings ΓA and ΓB respec-
tively and θ : G → K a homomorphism of groups. If IdG(ΓA) = IdG(ΓB) then
IdK(
θΓA) = IdK(
θΓB).
Proof.
Let f(xk11, . . . , xknn) be aK-graded identity for A. To prove that the polynomial
f is aK-graded identity for B let b1, . . . , bn be homogeneous elements ofB such that
bi ∈ Bki , i = 1, . . . , n. We claim that f(b1, . . . , bn) = 0. To prove this decompose
bi into its homogeneous components in the G-grading
bi = bi1 + bi2 + · · ·+ biki ,
for some integer ki and denote by gij the homogeneous degree of bij . Note that since
bi has homogeneous degree ki in the K-grading induced by θ we have θ(gij) = ki.
Let S = {(i, j)|1 ≤ i ≤ n, 1 ≤ j ≤ ki}, m = |S| and ν : S → {1, . . . ,m} a bijection.
Construct the polynomial
f ′ = f

 k1∑
j=1
xg1jν((1,j)), . . . ,
kn∑
j=1
xgnjν((n,j))

 ,
obtained from f by replacing xki1 by the sum
∑ki
j=1 xgijν((i,j)). Since θ(gij) = ki
and f is a K graded identity for A we conclude that f ′ is a G-graded identity for
A. Hence from the equality IdG(A) = IdG(B) it follows that f
′ is a G-graded
identity for B. Thus the result of the substitution xgijν((i,j)) 7→ bij is zero. Note
that by the construction of f ′ the result of this substitution is f(b1, . . . , bn). Hence
f(b1, . . . , bn) = 0 and f is a K-graded identity for B. We proved the inclusion
IdK(A) ⊆ IdK(B). The reverse inclusion is proved analogously. 
For finite dimensional graded simple algebras over an algebraically closed field
two algebras satisfy the same graded identities if and only if they are isomorphic,
see [11], [2]. The next examples show that this is not true for algebras over the field
of the real numbers.
Example 6. Let G = (a)2 × (b)2 ∼= Z2 × Z2, K = (b)2 and β be the bicharacter
given by β(g, h) = −1 whenever g 6= e and h 6= e. The algebras M
(4)
2 and H
(4) have
a regular grading with skew-symmetric bicharacter β. Hence by Lemma 1 we have
IdG(M
(4)
2 ) = IdG(H
(4)). Moreover Proposition 1 implies that Id(M2(R)) = Id(H).
Example 7. Let G = (a)2 × (b)2, K = (b)2. Denote by A the algebra M2(R)
with K-grading such that the homogeneous component of degree e consists of the
diagonal matrices and the other homogeneous component consists of the off-diagonal
matrices. This will be called the non-trivial elementary G-grading on A. Denote
θ : G → K be the homomorphism such that θ(a) = e, θ(b) = b. We may obtain
M
(2)
2 and A as quotient gradings (induced by θ) of the algebras R and S respectively,
where:
Re = 〈I〉, Ra = 〈A〉, Rb = 〈C〉, Rc = 〈B〉
and
Se = 〈I〉, Sa = 〈B〉, Sb = 〈A〉, Sc = 〈C〉,
where c = ab. Since R and S are regular gradings with the same skew-symmetric
bicharacter β as the algebra M
(4)
2 it follows from Lemma 1 and Proposition 1 that
IdK(A) = IdK(M
(2)
2 ). Analogously it is proved that IdK(M
(2)
2 ) = IdK(H
(2)).
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Our previous examples motivate the following definition:
Definition 3. Let S,R be two algebras and identify R (resp. S) with the subalgebra
1⊗R (resp. S ⊗ 1) of S ⊗R. A G-grading on S ⊗R is said to be standard if the
following two conditions hold:
(i) S is a homogeneous subalgebra such that IdG(S) = IdG(S
′) for a matrix
algebra S′ with an elementary G-grading;
(ii) R is a homogeneous graded division subalgebra such that dimRe = 1 and
supp R ∩ supp S = {e}.
An algebra A with a Type II grading has a standard grading if SA is weakly
equivalent to M
(2)
2 or H
(2). In the next proposition we prove that for an algebra
A, with a standard grading, the support of the regular component and its skew-
symmetric bicharacter are determined by the identities of A. The proof is an
adaptation of the arguments in [11, Lemma 4].
Proposition 2. Let A be a G-graded algebra isomorphic to the tensor product S⊗R
of algebras S,R with a standard grading such that Se is a commutative subalgebra.
For every g ∈ supp A the polynomial [xe, yg] is a graded identity for A if and only
if g lies in supp R. Moreover if β : K×K → R× is the skew-symmetric bicharacter
of R then given k1, k2 ∈ K the polynomial xk1yk2 −λyk2xk1 is a graded identity for
A if and only if λ = β(k1, k2).
Proof. For a matrix algebra S′ with an elementary G-grading such that the
neutral component is commutative, it is clear that [xe, yg′ ] is a graded identity if
and only if g′ = e. Hence from condition (i) of the previous definition we conclude
that the same is true for S as a G-graded algebra. Now let K = supp R and note
that supp A = (supp S)K and hence an element g ∈ supp A may be written as
g = g′k where g′ ∈ supp S and k ∈ K. Fix an element r ∈ Rk, then it is clear that
every element of Ag may be written as a product sr for some s ∈ Sg′ . Since r is an
invertible element that commutes with every element of S the polynomial [xe, yg]
is a graded identity for A if and only if [xe, yg′ ] is a graded identity for S. The last
condition holds if and only if g′ = e and the first assertion follows.
Now we prove the second assertion. Let r1, r2 be non-zero elements of R of
degrees k1, k2, respectively. An element in Aki has the form airi where ai ∈ Ae.
Moreover
(a1r1)(a2r2)− λ(a2r2)(a1r1) = (a1a2 − λβ(k2, k1)a2a1)r1r2
and therefore xk1yk2−λyk2xk1 is a graded identity for A if and only if the polynomial
xeye−λβ(k2, k1)yexe is a graded identity for Se. Since xeye− yexe is also a graded
identity for Se this is equivalent to the equality λβ(k2, k1) = 1 and the result follows.

The remaining results in this section will be used to deal with Type II gradings
that are not standard, i.e., for which SA is weakly equivalent to M2(C,Z4).
Proposition 3. Let A be a G-graded algebra and C a commutative algebra with
unit. If A⊗C is the tensor product algebra with the G-grading (A⊗C)g = Ag ⊗C
then IdG(A) = IdG(A⊗ C).
Proof. Let f(xg11, . . . , xgnn) =
∑
λσxgσ(1)σ(1), . . . , xgσ(n)σ(n) be a multilinear
polynomial. Note that f is a graded identity for A⊗C if and only if it vanishes under
admissible substitutions of the variables by elements of the form a⊗ c where a ∈ A
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is a homogeneous element and c ∈ C. Given a1, . . . , an ∈ A and c1, . . . , cn ∈ C we
have
f(a1 ⊗ c1, . . . , an ⊗ cn) =
∑
λσaσ(1) ⊗ cσ(1) · · · aσ(n) ⊗ cσ(n)
=
∑
λσaσ(1) · · ·aσ(n) ⊗ cσ(1) · · · cσ(n)
=
(∑
λσaσ(1) · · · aσ(n)
)
⊗ c1 · · · cn
= f(a1, . . . , an)⊗ c1 · · · cn.
Therefore a multilinear polynomial is an identity for A if and only if it is an
identity for A⊗ C and this implies the equality Id(A) = Id(A⊗ C). 
Example 8. Let G = (a)4 ∼= Z4, G2 = {g
2|g ∈ G} and θ : G → K, where
K = G/G2, the quotient map. Consider the algebras A = M2(C) endowed with the
G-grading ΓA weakly isomorphic to M2(C,Z4) and B = M2(R) with the K-grading
ΓB weakly isomorphic to M
(2)
2 . It is clear that
θΓA is isomorphic to M
(2)
2 ⊗ C.
Hence the equality IdK(
θΓA) = IdK(ΓB) follows from Proposition 3.
Notation 1. Let θ : G → K be a homomorphism of groups. Given a polyno-
mial f(xg11, . . . , xgnn) ∈ R〈xgi|g ∈ G, i ∈ N〉 we denote by θ(f) the polynomial
f(xθ(g1)1, . . . , xθ(gn)n) ∈ R〈xki|k ∈ K, i ∈ N〉.
Proposition 4. Let (g1, . . . , gn) be an n-tuple of elements of a group G and let f
be a polynomial in R〈xgi|g ∈ G, i ∈ N〉 multilinear in the variables xg11, . . . , xgnn.
Moreover, let A be an algebra with a G-grading ΓA and θ : G→ K a homomorphism
of groups. A polynomial θ(f) is a K-graded identity for θΓA if and only if every
polynomial in the set Sθ,f = {f
′ ∈ R〈xgi|g ∈ G, i ∈ N〉|θ(f ′) = θ(f)} is a G-graded
identity for A.
Proof. Let B be a basis for A consisting of homogeneous elements. Note that
θ(f) is a multilinear polynomial in R〈xki|k ∈ K, i ∈ N〉, hence a graded identity if
and only if it vanishes under every K-admissible substitution (a1, . . . , an) such that
ai ∈ B, i = 1, . . . , n. If b ∈ B is an element of Rg for some g ∈ G then b ∈ (
θR)θ(g).
Let (b1, . . . , bn) be an n-tuple of elements of B and let g
′
i ∈ G such that bi ∈ Bg′i ,
i = 1, . . . , n. The tuple (b1, . . . , bn) is a K-admissible substitution if and only if
θ(g′i) = θ(gi), i = 1, 2, . . . , n. Therefore f is a K-identity if and only if it vanishes
under every B-substitution (b1, . . . , bn) such that θ(g
′
i) = θ(gi), where g
′
i is such
that bi ∈ Rg′
i
. This last assertion is equivalent to the claim that every element of
Sθ,f is a G-graded identity for A. 
Proposition 5. Let G be an abelian group isomorphic to Z4 × Z
n
2 , a ∈ G the
generator of G2 = {g
2|g ∈ G} and θ : G → G/G2 the quotient map. Moreover,
let A = Mn(C) with a G-grading such that iI ∈ Aa and let f , f
′ be polynomials
in R〈xgi|g ∈ G, i ∈ N〉 which is multilinear in the variables xg11, . . . , xgnn and
xg′11, . . . , xg′nn respectively such that θ(f) = θ(f
′). In this case f is a graded identity
for R if and only if f ′ is a graded identity for R.
Proof. Note that θ(f) = θ(f ′) if and only if θ(gj) = θ(g′j), j = 1, 2, . . . , n.
Now θ(gj) = θ(g
′
j) if and only if g
′
j = gj or g
′
j = agj. We prove first that if
f is not a graded identity for A then f ′ is not a graded identity for A. In this
case there exists an admissible substitution (r1, . . . , rn) such that f(r1, . . . , rn) 6= 0.
Consider now the n-tuple (r′1, . . . , r
′
n) where r
′
j = rj if g
′
j = gj and r
′
j = irj if
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g′j = agj. It is clear that (r
′
1, . . . , r
′
n) is an admissible substitution for f
′. Moreover
f ′(r′1, . . . , r
′
n) = i
kf(r1, . . . , rn), where k is the number of j such that r
′
j = irj .
Therefore f ′ is not a graded identity. Analogously we can prove that if f ′ is not a
graded identity then f is not a graded identity. 
Corollary 1. Let G be an abelian group isomorphic to Z4×Z
n
2 , a ∈ G the generator
of G2 = {G
2|g ∈ G}, θ : G → G/G2 the quotient map and A = Mn(C) with
a G-grading Γ such that iI is homogeneous of degree a. If f is a polynomial in
R〈xgi|g ∈ G, i ∈ N〉 multilinear in the variables xg11, . . . , xgnn then θ(f) is a graded
identity for θΓ if and only if f is a graded identity for Γ.
Proof. It follows from Proposition 4 that θ(f) is a graded identity for θΓ if and
only if every polynomial in the set Sθ,f = {f
′ ∈ R〈xgi|g ∈ G, i ∈ N〉|θ(f ′) = θ(f)}
is a graded identity for Γ. By Proposition 2 this last condition is equivalent to the
condition that f is a graded identity for Γ and the result follows. 
3. Proof of the main result
In this section we prove Theorem 2. The result will follow from Lemma 1 together
with the next three lemmas.
Remark 3. Let A be a G-graded algebra. Clearly xg ∈ IdG(A) if and only if
g /∈ supp A. Hence for G-graded algebras A and B the equality IdG(A) = IdG(B)
implies that supp A = supp B. Thus in the proof of Lemmas 2, 3 and 4 we omit
the proof that supp A = supp B.
Lemma 2. Let A be an algebra with a G-grading of Type III with corresponding
bicharacter βRA and let B be a G-graded algebra. Then IdG(A) = IdG(B) if and
only if B has a G-grading of Type III, supp A = supp B and βRA = βRB .
Proof. The polynomial xeye − yexe is a graded identity for every algebra with a
grading of Types I, II, IV and it is not a graded identity for any algebra with a
grading of Type III. Since IdG(A) = IdG(B) the algebra B has a grading of Type
III. The Hall polynomial [[xe, ye]
2, ze] is an identity for Ae ∼= H. We linearize on
ye to obtain the identity
[[xe, ye][xe, we] + [xe, we][xe, ye], ze].
Let g, h ∈ G and fix r ∈ (RA)g (resp. r ∈ (RA)h). Note that every element of Ag
(resp Ah) may be written as ar (resp bs) where a ∈ Ae (resp. b ∈ Ae). Hence
([xe, yg][xe, we] + [xe, we][xe, yg])zh − λzh([xe, yg][xe, we] + [xe, we][xe, yg])
is a graded identity for A if and only if λ = β(g, h). This implies that if we have
IdG(A) = IdG(B) then βRA = βRB . Conversely if B has a grading of Type III then
the graded identities of B (resp. A) are determined by supp B (resp. supp A) and
by the skew-symmetric bicharacter βRB = βRA (see [3, Theorem 3.4]) and hence
IdG(B) = IdG(A). 
Lemma 3. Let A be an algebra with a G-grading of Type II with corresponding
bicharacter βRA and let B be a G-graded algebra. Then IdG(A) = IdG(B) if and
only if B has a G-grading of Type II, supp A = supp B, supp RB = supp RA and
βRA = βRB .
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Proof. It follows from Lemmas 1 and 2 that B does not have a grading of Type
I or of Type III respectively. Any algebra with a grading of Type IV satisfies the
identities [xe, yg] for every g ∈ G and A does not satisfy this set of identities since
the algebra SA does not. Hence B has a grading of Type II. In this case we have two
possibilities: (1) supp RA ∼= (Z2)
n or (2) supp RA ∼= Z4 × (Z2)
n. In the first case
the grading is standard and it follows from Proposition 2 that supp RA = supp RB
and βRA = βRB . In the second case let G2 = {g
2|g ∈ G} and θ : G → G/G2 the
quotient map. We conclude from Example 8 that the quotient grading is standard
and therefore that supp RA = supp RB and βRA = βRB in this case.
Now we prove the converse. Assume that B has a grading of Type II and that
supp A = supp B, supp RB = supp RA and βRA = βRB . We have two possibilities
supp SA ∼= Z2 or supp SA ∼= Z4. Assume that supp SA ∼= Z2. In this case
supp A = supp B is an elementary abelian 2 group. Since supp B has no element
of order 4 we have supp SB ∼= Z2. Moreover SA and SB are weakly isomorphic to
one of the division algebras H(2), M
(2)
2 .
Let K = supp RA = supp RB, LA = supp SA = (a)2, LB = supp SB = (b)2.
We denote by S′A (resp. S
′
B) the algebra M2(R) with the non-trivial elementary
(a)2-grading (resp. (b)2-grading). We denote by A
′ and B′ the algebras S′A ⊗ RA
and S′B ⊗ RB, respectively, with the tensor product grading. Since IdLA(SA) =
IdLA(S
′
A) and IdLB (SB) = IdLB (S
′
B) (see Example 7), it follows that IdG(A) =
IdG(A
′) and IdG(B) = IdG(B′) (see [3, Theorem 3.4]). The graded algebras A′
and B′ are isomorphic and hence IdG(A′) = IdG(B′). Therefore we obtain the
equality IdG(A) = IdG(B). Now we consider the case where supp SA ∼= Z4. In
this case supp A = supp B ∼= Z4 × (Z2)
2k for some integer k. Hence we conclude
that supp SB ∼= Z4 and SA, SB are weakly equivalent to the algebra M2(C,Z4).
We denote G′ = supp A = supp B. Let g0 be the generator of G2 = {g2|g ∈ G′}
and note that in this case i1A (resp. i1B) is a homogeneous element of degree g0.
Let θ : G → G/G2 be the canonical homomorphism. Let ΓA : A = ⊕g∈GAg and
ΓB : B = ⊕g∈GBg. Note that θΓA and θΓB have standard gradings (see Example
8). It follows from the previous case that IdG/G2(
θΓA) = IdG/G2(
θΓB) and by
Corollary 1 we conclude that IdG(A) = IdG(B). 
Lemma 4. Let A be an algebra with a G-grading of Type IV and with corresponding
complex bicharacter βA and let B be a G-graded algebra. Then IdG(A) = IdG(B) if
and only if B has a G-grading of Type IV with supp A = supp B and with complex
bicharacter βB such that either βA = βB or βA = βB.
Proof. We assume that IdG(A) = IdG(B). It follows from Lemmas 1, 2 and
3 that B has a G-grading of Type IV. Let βB be its complex bicharacter. Given
g, h ∈ G either βA(g, h) ∈ R or βA(g, h) is a complex root of a polynomial t
2+qt+r,
for suitable real numbers q, r. Note that if βA(g, h) ∈ R then
xgyh − βA(g, h)yhxg
is a polynomial identity for A and hence for B. In this case βB(g, h) = βA(g, h). If
βA(g, h) is a complex root of the polynomial t
2 + qt+ r, where q, r ∈ R, then
x2gyh + qxgyhxg + ryhx
2
g
is a graded identity for A and hence for B. This implies that βB(g, h)is also a
root of the polynomial t2 + qt+ r. Hence either βA(g, h) = βB(g, h) or βA(g, h) =
βB(g, h). In either case we conclude that given g, h ∈ G either βA(g, h) = βB(g, h)
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or βA(g, h) = βB(g, h). Now we prove that βA = βB or βA = βB. The bicharacter
βA induces a decomposition of the group G as a direct product of cyclic subgroups:
G = K ′1 ×K
′′
1 × · · · ×K
′
r ×K
′′
r
such that K ′i ×K
′′
i and K
′
j ×K
′′
j are βA-orthogonal for i 6= j, and K
′
i and K
′′
i are
in duality by βA. Note that since for every g, h ∈ G we have βA(g, h) = βB(g, h) or
βA(g, h) = βB(g, h) the bicharacter βB induces the same decomposition above. Let
ai be a generator of K
′
i and bi be a generator of K
′′
i . If βA(ai, bi) = βB(ai, bi) for
i = 1, . . . , r then βA = βB. Otherwise we have βA(ai, bi) 6= βB(ai, bi) for some i.
We claim that βA = βB. Assume on the contrary that βA(aj , bj) 6= βB(aj , bj) for
some j 6= i. We proved that one of the two equalities βA(aiaj , bibj) = βB(aiaj , bibj)
or βA(aiaj , bibj) = βB(aiaj , bibj) holds. In the first case we obtain
βA(ai, bi)βA(aj , bj) = βB(ai, bi)βB(aj , bj).
Since βA(aj , bj) = βB(aj , bj) this implies that βA(ai, bi) = βB(ai, bi) which is a
contradiction. In the second case we obtain
βA(ai, bi)βA(aj , bj) = βB(ai, bi)βB(aj , bj).
Since βA(ai, bi) = βB(ai, bi) we conclude that βA(aj , bj) = βB(aj , bj) which is also
a contradiction. Clearly if B has a G-grading of Type IV with complex bicharacter
βB such that either βA = βB or βA = βB then IdG(A) = IdG(B) and the result is
follows. 
4. Graded identities of finite-dimensional simple real algebras
In this section G denotes an abelian group. Let (H,D,g) be a triple where H is
a finite subgroup of G, D a finite-dimensional simple real algebra with a division
grading and support H and g = (g1, . . . , gn) an n-tuple of elements of G. The
algebra R = Mn(D) has a G-grading R = ⊕g∈GRg , determined by the triple
(H,D,g), where
Rg = 〈dhEij |dh ∈ Dh, g
−1
i hgj = g〉.
We write (H,D,g) ∼ (H ′, D′,g′) if H = H ′, D ∼= D′ and there exists g ∈ G and a
permutation pi ∈ Sn such that giH = gg
′
pi(i)H , i = 1, . . . , n.
Remark 4. A direct consequence of [4][Theorem 7.3] is that any finite-dimensional
simple real algebra with a G-grading is isomorphic to a graded algebra Mn(D) de-
termined by (H,D, g). Moreover two graded algebras Mn(D) and Mn′(D
′), de-
termined by (H,D, g) and (H ′, D′, g′) respectively, are isomorphic if and only if
(H,D, g) ∼ (H ′, D′, g′).
In this section we prove that any finite-dimensional simple real algebra with a
grading by G satisfies the same identities as an algebra Mn(D), graded as above,
where D has either a division grading of Type I or Type IV. Moreover we determine
when the graded identities of two such algebras coincide.
Next we consider the algebra M2(C,Z4). Let G = (a)4, H the subgroup gener-
ated by a2 and D the H-graded division algebra weakly isomorphic to C(2). The
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G-grading on R =M2(C) determined by (H,D,g), where g = (e, a), is given by
Re =
(
R 0
0 R
)
, Ra =
(
0 R
iR 0
)
,(1)
Ra2 =
(
iR 0
0 iR
)
, Ra3 =
(
0 iR
R 0
)
.
Proposition 6. Let G = (a)4. The algebra M2(C,Z4) satisfies the same G-graded
identities as the algebra R = M2(C) with the G-grading in (1).
Proof. Let K = (b)2 and θ : G → K the homomorphism such that θ(a) = b.
Denote by Γ1 the division grading M2(C,Z4) and by Γ2 the grading (1) on M2(C).
Note that θΓ1 is isomorphic, as a graded algebra, to the tensor productM
(2)
2 ⊗C and
θΓ2 is isomorphic to the tensor product R
′⊗C where R′ denotes the algebraM2(R)
with the non-trivial elementary K-grading. Since Idk(M
(2)
2 ) = Idk(R
′) it follows
that Idk(
θΓ1) = IdK(
θΓ2). Therefore Corollary 1 implies that IdG(Γ1) = IdG(Γ2).

Theorem 3. Every finite-dimensional simple real algebra with a grading by an
abelian group G satisfies the same G-graded identities as an algebra Mn(D), with a
grading determined by (H,D, g), where D has a division grading of Type I or Type
IV.
Proof. The result follows once we verify it holds for the algebras with division
gradings of Type II and Type III. For Type III gradings it follows from the equality
Id(H) = Id(M2(R)). For Type II gradings the result follows from Example 7 and
from the previous proposition. 
If a graded division algebra D has a regular grading or a non-regular Pauli
grading the componentDe consists of central elements, i.e., De ⊆ Z(D). In the next
lemma we prove that in this case H is an invariant of the identities of R = Mn(D).
By Remark 4 the algebra R is isomorphic to an algebra with a grading determined
by (H,D,g) where g = (g1, . . . , gn) is such that gi = gj whenever giH = gjH . In
this case we have
(2) Re ∼= Mq1(De)⊕ · · · ⊕Mqs(De).
Remark 5. In the proofs of Lemmas 5 and 6 we assume that R is an algebra with
a grading as above and that the decomposition (2) holds.
Lemma 5. Let R = Mn(D) be graded as in Theorem 3 and f(xe1, . . . , xem) a
multilinear central polynomial for Re. For any g ∈ G we have g ∈ supp D if and
only if [f, xg(m+1)] ∈ IdG(R) and fxg(m+1) /∈ IdG(R).
Proof. Let g ∈ supp D and fix a nonzero element d in Dg. An element r
in Rg can be written as r = dr
′ for some r′ ∈ Re. Given any r1, . . . , rm ∈ Re
the element r′′ = f(r1, . . . , rm) lies in Z(Re). Since De ⊆ Z(R) we conclude
that [r′′, r] = d[r′′, r′] = 0. Hence [f, xg(m+1)] is a graded identity for R. The
polynomial f is a central polynomial for Re and hence not an identity. Therefore,
we may assume that r′′ 6= 0. Moreover this element lies in Z(Re) and therefore
(r′′)2 6= 0. Let d be a non-zero element in Dg. The element s = dr′′ lies in Rg and
r′′s = d(r′′)2 6= 0. Hence fxg(m+1) is not a graded identity for R.
Now we prove the converse. Denote by Ij the unit of the subalgebra of Re
corresponding to Mqj in the decomposition (2). We have I = I1 + · · ·+ Is, where
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I is the unit of R. Since fxg(m+1) is not a graded identity for R, there exists an
elementary matrix Eij in Rg′ , an element d in Dh, with g
′h = g, and elements
r1, . . . , rm ∈ Re such that f(r1, . . . , rm)(dEij) 6= 0. We claim that Eij ∈ Re and
this proves the result. Indeed, in this case g′ = e and g = h ∈ supp D. It is clear
that Eij = (I1+ · · ·+ Is)Eij and hence Il1Eij 6= 0 for some l1. In this case, we have
Il1Eij = Eij . Analogously, we have EijIl2 6= 0, for some l2, and hence EijIl2 = Eij .
The claim that Eij ∈ Re follows from the equality l1 = l2. Indeed, if we have
l1 = l2 then Eij = Il1EijIl1 and this implies that Eij ∈ Re. Now we proceed to
prove the equality l1 = l2. The element f(r1, . . . , rm) lies in the center of Re and
therefore we may write f(r1, . . . , rm) = d1I1 + · · · + dsIs, where d1, . . . , ds ∈ De.
Let si denote the component of ri in the subalgebra of Re corresponding to Mql1 .
It is clear that f(s1, . . . , sm) = dl1Il1 . Note that f(r1, . . . , rm)(dEij) 6= 0 and this
implies that dl1 6= 0. Since [f, xg(m+1)] is a graded identity for R we conclude that
[f(s1, . . . , sm), dEij ] = 0 and therefore EijIl1 6= 0. Since Eij = EijIl2 we have
(EijIl2)Il1 6= 0. This implies that Il2Il1 6= 0. Hence we conclude that l2 = l1. 
Now we prove that the identities of the graded division algebraD are determined
by the graded identities of R.
Lemma 6. Let R = Mn(D) be an algebra with a grading as in Theorem 3 and
let f(xe1, . . . , xem, xe(m+1)) be a central polynomial for Re multilinear in xe(m+1).
Denote by fhi the polynomial obtained from f by replacing the variable xe(m+1) by
xhi(m+i). The polynomial g(xh11, . . . , xhkk) is an H-graded identity for D if and
only if g(fh1 , . . . , fhk) is a G-graded identity for R.
Proof. Let g(xh11, . . . , xhkk) be an H-graded identity for D. Fix r1, . . . , rm ∈ Re
and rm+i ∈ Rhi , i = 1, . . . , k. We write rm+i = dhir
′
m+i, where dhi ∈ Dhi and
r′m+i ∈ Re. Since f is a central polynomial for Re multilinear in xe(m+1) the
element fhi = fhi(r1, . . . , rm, r(m+i)) can be written as fhi = di1I1 + . . . disIs,
where dij ∈ Dhi . The result of this substitution in g(fh1 , . . . , fhk) is
g(fh1 , . . . , fhk) = g(d11, . . . , dk1)I1 + · · ·+ g(d1s, . . . , dks)Is.
Since g is an H-graded polynomial identity for the algebra D we conclude that
g(d1j , . . . , dkj) = 0 for j = 1, . . . , s. Hence g(fh1 , . . . , fhk)=0. This proves that
g(fh1 , . . . , fhk) is a G-graded identity for R.
Now we prove the converse. The polynomial f(xe1, . . . , xem, xe(m+1)) is a central
polynomial for Re and hence it is not a graded identity. Let r1, . . . , rm, rm+1 be
elements of Re such that f(r1, . . . , rm, rm+1) 6= 0. It is clear that we may write
f(r1, . . . , rm, rm+1) = d
′
1I1 + · · · + d
′
sIs, where d
′
1, . . . , d
′
s ∈ De. There exists i0
such that d′i0 6= 0. Denote by si the component of ri in the subalgebra of Re
corresponding to Mqi0 . Noting that f(s1, . . . , sm, sm+1) = d
′
i0Ii0 , we replace sm+1
by tm+1 = (d
′
i0)
−1sm+1 to obtain f(s1, . . . , sm, tm+1) = Ii0 . Given the elements
d1 ∈ Dh1 , . . . , dk ∈ Dhk we have fhi = fhi(s1, . . . , sm, ditm+1) = diIi0 . Since
g(fh1 , . . . , fhk) is a G-graded identity for R we have
0 = g(fh1 , . . . , fhk) = g(d1, . . . , dk)Ii0 .
Therefore g(d1, . . . , dk) = 0. This proves that g is an H-graded identity for D. 
Proposition 7. Let R = Mn(D) with G-grading Γ determined by (H,D, g) and
θ : G → G/H the canonical homomorphism. The algebra R with the quotient
grading θΓ satisfies the same graded identities as the matrix algebra Mmn(R) with
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the elementary grading induced by (θ(g1), . . . , θ(g1), . . . , θ(gn)), where m is such
that Id(D) = Id(Mm(R)) and each entry θ(gi) is repeated m times.
Proof. The grading θΓ : R = ⊕g∈G/HAg on R is such that the homogeneous com-
ponents are Rg = 〈dEij |d ∈ D, θ(gi)
−1θ(gj) = g〉. Since D satisfies the same ordi-
nary identities as S = Mm(R) the algebra R satisfy the same G/H-graded identities
as R′ = Mn(S) with the grading such that R′g = 〈sEij |s ∈ S, θ(gi)
−1θ(gj) = g〉.
The canonical isomorphism of algebras ϕ : Mn(S) → Mnm(R) is a graded iso-
morphism if Mnm(R) has an elementary grading determined by the nm-tuple
(θ(g1), . . . , θ(g1), . . . , θ(gn)). Hence R
′ satisfy the same G/H-graded identities as
Mnm(R).

Lemma 7. Let Γ and Γ′ be the elementary G-gradings on Mn(R) induced by the
n-tuples g and g′ respectively. The equality IdG(Γ) = IdG(Γ′) occurs if and only if
g ∈ G and there exists a permutation pi ∈ Sn such that giH = ggpi(i)H, i = 1, . . . , n.
Proof. It is clear that if the real G-graded algebras R and R′ satisfy the same
graded identities then the complex algebras R ⊗ C and R′ ⊗ C satisfy the same
graded identities as complex algebras. Hence the graded identities of the algebra
Mn(C) with elementary gradings induced by g and g
′ coincide. Thus the result
follows from [11, Theorem 2]. 
Theorem 4. Let R = Mn(D) and R
′ = Mn′(D′), with G-gradings determined by
(H,D, g) and (H ′, D′, g′) respectively, where D and D′ have division gradings of
Type I or Type IV. The algebras R and R′ satisfy the same G-graded identities if
and only if n = n′, H = H ′, D and D′ satisfy the same H-graded identities and
there exists g ∈ G and a permutation pi ∈ Sn such that giH = ggpi(i)H, i = 1, . . . , n.
Proof. Assume first that n = n′, H = H ′, IdH(D) = IdH(D′) and that there
exists g ∈ G and a permutation pi ∈ Sn such that giH = ggpi(i)H , i = 1, . . . , n.
DenoteR′′ = Mn(D) with theG-grading determined by (H,D,g′). Since IdH(D) =
IdH(D
′) we have IdG(R′′) = IdG(R′). Notice that (H,D,g′) ∼ (H,D,g) and
therefore R′′ is isomorphic as a graded algebra to R. Thus IdG(R) = IdG(R′′).
This proves that IdG(R) = IdG(R
′).
Now we prove the converse. It follows from Lemmas 5 and 6 that H = H ′
and that D and D′ satisfy the same graded identities. Note that D (resp. D′)
satisfies the same ordinary identities as a matrix algebra Mm(R) (resp. Mm′(R)).
It follows from Proposition 1 that Id(D) = Id(D′) and Id(R) = Id(R′). The first
equality implies that m = m′ and the second that nm = n′m′. Thus we obtain
n = n′. It remains to prove the existence of the element g and the permutation pi.
Let θ : G → G/H denote the canonical homomorphism and Γ,Γ′ the gradings on
R,R′ respectively. By Proposition 7 we have that IdG/K(θΓ) (resp.IdG/K(θΓ′)) is
the set of identities of Mnm(R) with the elementary grading induced by the nm-
tuple (θ(g1), . . . , θ(g1), . . . , θ(gn)) (resp. (θ(g
′
1), . . . , θ(g
′
1), . . . , θ(g
′
n))), where each
θ(gi) (resp. θ(g
′
i)) is repeated m times. From Proposition 1 we conclude that
IdG/K(
θΓ′) = IdG/K(θΓ′). This and Lemma 7 imply that there exists g ∈ G and
pi′ ∈ Smn such that θ(gi) = θ(gg′pi′(i)), for i = 1, 2, . . . , nm. Hence the sets of entries
in the mn-tuples (θ(g1), . . . , θ(g1), . . . , θ(gn)) and (θ(gg
′
1), . . . , θ(gg
′
1), . . . , θ(gg
′
n))
coincide and each entry appears the same number of times in both mn-tuples.
Hence in the n-tuples (θ(g1), θ(g2), . . . , θ(gn)) and (θ(gg
′
1), . . . , θ(gg
′
n)) the sets of
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entries also coincide and each entry appears the same number of times in both
tuples. Therefore there exists pi ∈ Sn such that θ(gi) = θ(ggpi(i)
′), for i = 1, . . . , n.

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